Abstract. We characterize conservative median semilattices by means of forbidden substructures and by providing their representation as chains. Moreover, using a duality between these algebras and certain topological structures, we obtain descriptions of the median-preserving mappings between products of finitely many chains.
Introduction and preliminaries
In this paper we are interested in certain algebraic structures called median algebras. A median algebra is a ternary algebra A = A, m that satisfies the following equations m(x, x, y) = x m(x, y, z) = m(y, x, z) = m(y, z, x) m(m(x, y, z), t, u) = m(x, m(y, t, u), m(z, t, u)).
In particular, the variety of median algebras satisfies the equation (1.1) m(x, y, m(x, y, z)) = m(x, y, z).
Median algebras have been investigated by several authors (see [2, 6] for early references on median algebras and see [1, 7] for some surveys). For instance, for each element a of a median algebra A, the relation ≤ a defined on A by
x ≤ a y ⇐⇒ m(a, x, y) = x is a ∧-semilattice order with bottom element a [10] . The associated operation ∧ is defined by x∧y = m(a, x, y). Semilattices constructed in this way are called median semilattices, and they coincide exactly with semilattices in which every principal ideal is a distributive lattice and in which any three elements have a join whenever each pair of them is bounded above. The operation m on A can be recovered from the median semilattice order ≤ a using the identity
where ∧ and ∨ are defined with respect to ≤ a . Note that if the median algebra A contains two elements 0 and 1 such that m(0, x, 1) = x for every x ∈ A, then (A, ≤ 0 ) is a distributive lattice order bounded by 0 and 1, and where x ∧ y and x ∨ y are given by m(x, y, 0) and m(x, y, 1), respectively. Conversely, if L = L, ∨, ∧ is a distributive lattice, then the term function defined by (1.2) is denoted by m L and give rises to a median algebra on L, called the median algebra associated with L. It is noteworthy that equations satisfied by median algebras of the form L, m L are exactly the same as those satisfied by median algebras. For further background see, e.g., [1] . This work is supported by the internal research project F1R-MTHPUL-12RDO2 of the University of Luxembourg.
• Figure 1 . Examples of ∧-semilattices that are not conservative.
Here, we are particularly interested in median algebras A that are conservative, i.e., that satisfy
m(x, y, z) ∈ {x, y, z}, x, y, z ∈ A.
Semilattices associated with conservative median algebras are called conservative median semilattices. It is not difficult to verify that a median algebra is conservative if and only if each of its subsets is a median subalgebra. Moreover, if L is a chain, then m L satisfies (1.3); however the converse is not true. This fact was observed in §11 of [9] , which presents the four element Boolean algebra as a counter-example.
In this paper, we investigate median algebras and homomorphisms between them, i.e., mappings f : A → B that are solutions of the functional equation
In particular we describe such homomorphisms between conservative median algebras A and B. To do so, we present a description of conservative median algebras in terms of forbidden substructures (in complete analogy with Birkhoff's characterization of distributive lattices with M 5 and N 5 as forbidden substructures), and that leads to a representation of conservative median algebras (with at least five elements) as chains. In fact, the only conservative median algebra that is not representable as a chain is the four element Boolean algebra. Throughout the paper we employ the following notation. For each positive integer n, we set [n] = {1, . . . , n}. Algebras and topological structures are denoted by bold roman capital letters A, B, X, Y . . . and their universes by italic roman capital letters A, B, X, Y . . .. To simplify our presentation, we will keep the introduction of background to a minimum, and we will assume that the reader is familiar with the theory of lattices and ordered sets. We refer the reader to [4, 5] for further background. To improve the readability of the paper, we adopt the rather unusual convention that in any distributive lattice the empty set is a prime filter and a prime ideal.
Characterizations of conservative median algebras
Let C 0 = C 0 , ≤ 0 , c 0 and C 1 = C 1 , ≤ 1 , c 1 be chains with bottom elements c 0 and c 1 . The ⊥-coalesced sum C 0 ⊥C 1 of C 0 and C 1 is the poset obtained by amalgamating c 0 and c 1 in the disjoint union of C 0 and C 1 . Formally,
where ⊔ is the disjoint union, where ≡ is the equivalence generated by {(c 0 , c 1 )} and where ≤ is defined by
Proposition 2.1. The partially ordered sets A 1 , . . . , A 4 depicted in Fig. 1 are not conservative median semilattices.
Proof. The poset A 1 is a bounded lattice (also denoted by N 5 in the literature on lattice theory, e.g., in [4, 5] ) that is not distributive. In A 2 the center is equal to the median of the other three elements. The poset A 3 contains a copy of A 2 , and A 4 is a distributive lattice that contains a copy of the dual of A 2 and thus it is not conservative as a median algebra.
The following Theorem provides descriptions of conservative semilattices with at least five elements, both in terms of forbidden substructures and in the form of representations by chains. Note that any semillatice with at most four elements is conservative, but the poset depicted in Fig. 1(b) . Theorem 2.2. Let A be a median algebra with |A| ≥ 5. The following conditions are equivalent.
(1) A is conservative.
(2) For every a ∈ A the ordered set A, ≤ a does not contain a copy of the poset depicted in Fig. 1 
(b). (3)
There is an a ∈ A and lower bounded chains C 0 and C 1 such that A, ≤ a is isomorphic to C 0 ⊥C 1 . (4) For every a ∈ A, there are lower bounded chains C 0 and C 1 such that A, ≤ a is isomorphic to C 0 ⊥C 1 .
Proof. (1) =⇒ (4): Let a ∈ A. First, suppose that for every x, y ∈ A \ {a} we have m(x, y, a) = a. Since A is conservative, for every x, y ∈ A, either x ≤ a y or y ≤ a x. Thus ≤ a is a chain with bottom element a, and we can choose C 1 = A, ≤ a , a and C 2 = {a}, ≤ a , a .
Suppose now that there are x, y ∈ A \ {a} such that m(x, y, a) = a, that is,
For the sake of a contradiction, suppose that m(x, z, a) = a and m(y, z, a) = a for some z = a. By equation (3.1) below, we have
Assume that m(x, y, z) = x. Then (2.2) is equivalent to
which yields the desired contradiction. By symmetry, we derive the same contradiction in the case m(x, y, z) ∈ {y, z}. We now prove that
For the sake of a contradiction, suppose that m(x, z, a) = a and m(y, z, a) = a for some z = a. Since m(x, y, a) = a we have that z ∈ {x, y}. If m(x, z, a) = z and m(y, z, a) = y, then y ≤ a z ≤ a x which contradicts x ∧ y = a. Similarly, if m(x, z, a) = z and m(y, z, a) = z, then z ≤ a x and z ≤ a y which also contradicts x ∧ y = a. The case m(x, z, a) = x and m(y, z, a) = z leads to similar contradictions.
Hence m(x, z, a) = x and m(y, z, a) = y, and the ≤ a -median semilattice arising from the subalgebra B = {a, x, y, z} of A is the median semilattice associated with the four element Boolean algebra. Let z ′ ∈ A \ {a, x, y, z}. By (2.1) and symmetry Fig. 1(a) ) which is not a median semilattice. Suppose then that m(x, z ′ , a) = x. In this case, the restriction of ≤ a to {a, x, y, z, z ′ } is depicted in Fig. 1(c) or 1(d) , which contradicts Proposition 2.1, and the proof of (2.3) is thus complete. Now, let C 0 = {z ∈ A | (x, z, a) = a}, C 1 = {z ∈ A | (y, z, a) = a} and let C 0 = C 0 , ≤ a , a and C 1 = C 1 , ≤ a , a . It follows from (2.1) and (2.
The equivalence between (3) and (1) gives rise to the following representation of conservative median algebras. Theorem 2.3. Let A be a median algebra with |A| ≥ 5. Then A is conservative if and only if there is a totally ordered set C such that A is isomorphic to C, m C .
Proof. Sufficiency is trivial. For necessity, consider the universe of C 0 ⊥C 1 in condition (3) endowed with ≤ defined by x ≤ y if x ∈ C 1 and y ∈ C 0 or x, y ∈ C 0 and x ≤ 0 y or x, y ∈ C 1 and y ≤ 1 x.
Duality theory toolbox
Let A = A, m be a median algebra. A subset C of A is convex if m(c 1 , c 2 , a) ∈ C whenever c 1 , c 2 ∈ C and a ∈ A. A convex subset C of A is prime if its complement A\C in A is also convex. Equivalently, C ⊆ A is a prime convex subset if it satisfies the following condition: for every x, y, z ∈ A, the element m(x, y, z) belongs to C if and only if at least one of the sets {x, y}, {x, z}, {y, z} is a subset of C. We denote by Spec(A) the set of prime convex subsets of the median algebra A. 3 in [1] ). If L is a bounded distributive lattice then the prime convex subsets of L are its prime filters and prime ideals.
As noted in [3, 7, 11] , the set Spec(A) can be equipped with a topological structure that completely characterizes A. We recall this construction in the remainder of this section. For a ∈ A we denote by r a the set {I ∈ Spec(A) | a ∈ I}. Definition 3.2. Let A be a median agebra. The dual A * of A is the topological structure A * = Spec(A), ⊆, · c , ∅, A, τ where · c is the set-complement in A and τ is the topology with subbasis {r a | a ∈ A} ∪ {Spec(A) \ r a | a ∈ A}.
Furthermore, for a homomorphism f : A → B between median algebras, let f * the map defined on B * by f * (I) = f −1 (I). (2) where 2 is the two element median algebra (in which the median operation is the majority term). In particular, to check that an equation holds in every median algebra, it suffices to prove that it holds in 2. For example, the equation The class of duals of median algebras can be defined as follows.
Definition 3.4 ([7, 3]).
A bounded strongly complemented Priestley space is a topological structure X = X, ≤, · c , 0, 1, τ where X, ≤, τ is a Priestley space with 0 and 1 as bottom and top elements, and · c is an order reversing homeomorphism that satisfies
x ≤ x c =⇒ x = 0 and x cc = x.
In this context, an ideal W of X is a clopen downset that satisfies x ∈ W =⇒ x c ∈ W and it is said to be complete if x ∈ W ⇐⇒ x c ∈ W . With no danger of ambiguity, we also denote the set of complete ideals of X by Spec(X). This set is turned into the algebra X * = Spec(X), m where m is the restriction of m 2 X to Spec(X). For a continuous structure-preserving map φ : X → Y, we define φ * to be the map on Y * given by φ * (W ) = φ −1 (W ).
The class X of strongly complemented bounded Priestley spaces can be thought of as a category with continuous structure-preserving maps as arrows. Likewise, the variety M of median algebras is thought of as a category with homomorphisms as arrows. For X, Y ∈ X , we say that Y is a substructure of X if Y is a closed subset of X, τ and Y is induced by the restriction of X to Y . The coproduct X ⊕ Y of X, Y ∈ X is realized by amalgamating 0 and 1 of X with 0 and 1 of Y, respectively, in the disjoint union of X and Y. Remark 3.6. The isomorphism between A and (A * ) * mentioned in Proposition 3.5 is given by a → r a .
Homomorphisms between conservative median algebras
We now use the duality theory apparatus recalled in Section 3 to describe median homomorphisms between (product of) conservative median algebras.
First, we characterize the duals of the conservative median algebras. Let P 0 and P 1 be two bounded posets. As in Section 2, P 0 ∐ P 1 denotes the coalesced sum of P 0 and P 1 , that is, the poset obtained from the disjoint union of P 0 and P 1 by identifying the top elements on the one hand, and the bottom elements on the other hand. We denote by i P k the natural embedding i P k : P k → P 0 ∐ P 1 for k ∈ {0, 1}. To simplify notation, we often identify P k with its copy i P k (P k ) in P 0 ∐ P 1 for k ∈ {0, 1}.
If C, τ ′ is a bounded Priestley chain (i.e., a bounded totally ordered Priestley space, see, e.g., [4] ), C∐C ∂ can be endowed with an operation · c and a topology τ , so that C ∐ C ∂ , · c , τ is a bounded strongly complemented Priestley space. Indeed, it suffices to define
• τ as the final topology relative to i C and i C ∂ , • · c as the function that maps the bottom element 0 to the top element 1 and conversely, and that maps each element of C \ {0, 1} to its copy in C ∂ and conversely. With no danger of ambiguity, we use
Also, for a Priestley space P, τ , let Cl 0 ( P, τ ) be the set of its nonempty proper clopen downsets ordered by inclusion. Moreover, for a poset P, let Up(P), τ be the set of its upsets ordered by inclusion and equipped with the topology τ which has {{I ∈ Up(P) | p ∈ I} | p ∈ P } ∪ {{I ∈ Up(P) | p ∈ I} | p ∈ P } as subbasis. If P is a chain, then Up(P), τ is a bounded Priestley space. (1) A is conservative.
(2) There is a bounded Priestley chain C, τ such that A * is isomorphic to C ∐ C ∂ . (3) A is the median algebra of nonempty proper clopen dowsets of a Priestley chain C, τ . Furthermore, if one of these conditions is satisfied and if C 0 is a chain representation of A given by Theorem 2.3, then A * ∼ = Up(C 0 ) ∐ Up(C 0 ) ∂ and A is the median algebra associated with Cl 0 (Up(C 0 ) ).
Proof. (1) =⇒ (2): According to Theorem 2.3, there is a totally ordered set C 0 such that A is isomorphic to C 0 , m C0 . From Proposition 3.1, we know that the prime convex subsets of C 0 , m C0 are the prime filters and prime ideals of C 0 , that is, the upsets of C 0 and the downsets of C 0 . Then A * is isomorphic to
∂ ) * are median homomorphisms such that one is the inverse of the other. We conclude that A is isomorphic to the median algebra associated with Cl 0 ( C, τ ).
(3) =⇒ (1): Follows straightforwardly since A is the median algebra associated with a chain.
The proof of the first and the second claims of the last statement are given in the proof of (1) =⇒ (2) and (2) =⇒ (3), respectively. From Proposition 4.1 it follows that the totally ordered set C given in Proposition 2.3 is unique, up to (dual) isomorphism. Corollary 4.2. Let A be a median algebra. If C and C ′ are two chains such that A ∼ = (C, m C ) and A ∼ = (C ′ , m C ′ ), then C is order isomorphic or dual order isomorphic to C ′ .
Given a conservative median algebra A (|A| ≥ 5), we denote a chain representation of A by C(A), that is, C(A) is a chain such that A ∼ = C(A), m C(A) , and we denote the corresponding isomorphism by f A : A → C(A), m C(A) . If f : A → B is a map between two conservative median algebras with at least five elements, the map f
A is said to be induced by f . We use Proposition 4.1 to characterize median morphisms between conservative median algebras. Recall that a map between two posets is monotone if it is isotone or antitone. Proof. (Necessity) We may assume that f is onto. The map
If the range of f * is equal to {0, 1}, then B is the one-element median algebra and C(B) is the one-element chain, and the result follows trivially. Hence, we may assume that there is a I ∈ Up(C(B)) such that f * (I) ∈ {0, 1}. If f * (I) ∈ Up(C(A)), then f * (Up(C(B))) ⊆ Up(C(A)) since f * is isotone. We prove that 
, which is the desired result.
If f * (I) ∈ Up(C(A)) ∂ , we conclude in a similar way that f ′ is antitone. (Sufficiency) If f ′ is isotone, then it maps upsets to upsets and downsets to downsets. If it is antitone, it maps upsets to downsets and conversely. It means that f * is valued in Up(C(A)) ∐ Up(C(A)) ∂ . It is then straightforwad to check that f * is a X -morphism. Fig. 2(a) gives an example of a monotone map that is not a median homomorphism, and Fig. 2(b) gives an example of median homomorphism that is not monotone.
Since the class of conservative median algebras is clearly closed under homomorphic images, we obtain the following corollary. The duality between M and X turns finite products into finite coproducts. This property can be used to characterize median homomorphisms between finite products of chains. If f i :
, then we denote the projection map from A onto A i by π A i , or simply by π i if there is no danger of ambiguity. The following proposition essentially states that median homomorphisms between finite products of chains necessarily decompose componentwise. 
Proof. The condition is clearly sufficient. To prove that it is necessary, let A, B and f be as in the statement. The map f
. It follows that the diagram in Fig.  3(a) commutes, and by duality, so is the diagram in Fig. 3(b) . Hence, it suffices to define f σi as (f * | D * i ) * to conclude the proof.
The following corollary is pertaining to aggregation function theory. It essentially states that an aggregation function on ordinal scales is median-preserving if and only if it is dictatorial and monotone. n is a finite Boolean algebra.
(1) The Boolean functions on A that are median homomorphisms are exactly the constant functions, the projection maps π : A → 2 and the negations of the projection maps. (2) A map f : A → A is a median isomorphism if and only if there is a permutation σ of [n] and an element ǫ of {id, ¬} n such that f (x 1 , . . . , x n ) = (ǫ 1 x σ(1) , . . . , ǫ n x σ(n) ) for any (x 1 , . . . , x n ) in A.
Concluding remarks and further research directions
In this paper we described conservative median algebras with at least five elements in terms of forbidden configurations and gave a representation by chains. The next step in this line of research is to extend our results to larger classes of median algebras and their ordered counterparts.
We also characterized median homomorphisms between finite products of these algebras, showing that they are essentially determined componentwise. Having this result at hand, one is naturally drawn to considering the general case of such homomorphisms between arbitrary median algebras. One promising direction is to make use of the well-known representations of median algebras as sub-powers of the two element median algebra, and this constitutes a topic of current research.
